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An attempt is made at a theoretical analysis of the friction and heat 
transfer in the gap between two coaxial cylinders rotating in one direc- 
tion. The interaction of a fluid with the channel walls is divided into 
two stages: 1) formation of roller, annular fluid flows in the gap; and 
2) friction and heat transfer with forced flow past the walls. 

A great  deal of exper imental  and theore t ica l  work 
has been devoted to f r ic t ion and hea t - t r ans fe r  p ro -  
cesses  in the gap between two rotat ing coaxial cy l in -  
ders ,  but so far there  is no theory that de te rmines  
f r ic t ion  and heat t r a n s f e r  in the gap when ro l l e r ,  an -  
nular  flows a re  formed.  

A method for calculat ing f r ic t ion  at the moment  of 
s tabi l i ty  loss  is proposed in [1]. Below, we discuss  an 
analyt ic  method for calculat ing f r ic t ion  and heat t r a n s -  
fe r  in the gap between coaxial cyl inders  rotat ing in 
one di rec t ion w h e n / / r a y  << 1, +w I > * ~ ,  and axial 
flow is absent .  In addition, unlike [1], we cons ider  the 
domain of considerable  values Ta >> Tac t ,  in which 
the assumpt ions  of the sma l l -pe r tu rba t i on  method, 
based  on l inear iza t ion  of the equations of motion and 
energy,  a re  inapplicable.  

It is well  known that at Taylor  numbers  g rea t e r  than 
1700, flow in the gap between two coaxial cyl inders  has a 
c lear ly  expressed  ro l l e r  s t ruc ture  [2, 3]. Such a s t r u c -  
ture  is p r e se rved  up to Ta ~ 5 �9 105 [3]. A d iagram of 
fluid flow under  the given condit ions is shown in Fig.  
l a  and c. 

We as sume  that f r ic t ion  and heat t r ans f e r  under  
the conditions in question are  chiefly dependent on the 
c i rcula t ion  velocity of the fluid in the annular  r o l l e r s .  
In this case,  the problem can be reduced to a ca lcu la -  
t ion of the dynamic and the rma l  boundary l aye r s  p ro -  
duced on the surface of the body as a resu l t  of the 

in terac t ion  of pa i red  ro l l e r s ,  which form a ce l lu la r  
flow s t ruc tu re  in the gap. The c i rcu la t ion  velocity in 
the ro l l e r s  is de te rmined  by the difference between 
the centr i fugal  forces  in the r i s ing  and descending 
flows through the boundary l ayers  on the sur faces  of 
the cyl inder .  The centr i fugal  forces  do not exer t  an 
appreciable  influence on the dynamic and the rma l  
boundary layers  at the wall .  Thus,  the problem of 
f r ic t ion  and heat t r ans f e r  under  the conditions in ques-  
t ion can be divided into two stages:  

1) de terminat ion  of the intensi ty  of fluid c i rcula t ion  
in the annular  r o l l e r s ;  and 

2) calculat ion of the dynamic and the rma l  boundary 
layers  for forced flow near  the sur faces  of the cy l inders .  

Let us cons ider  the flow of a fluid with constant  
physical  p a r a m e t e r s  in a region of stable flow s t r u c -  

tu re .  Following Batchelor  [4], we assume that at high 
Taylor  numbers ,  flow in the cel l  core is cha rac te r i zed  
by a constant  vor t ic i ty  w = const .  Then the solution of 
the equation V2$ = w when $ = 0 at the ro l l e r  bound- 
a r i e s  has the form 

. . . .  2~o (1--cosn a ) [ (  1 ') 
* = ; 5.7 - - c t h X t  • 

x sh Xy + ch Xy - - I ]  sin Xx, (I) 

where X = n v / l .  Hence, the hor izontal  veloci ty com-  
ponent is 

u =  n=~ 2o( l - - cosng)  x 
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Fig.  1. Fluid  flow in a coaxial gap. 
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X [ ( s h l l - - c t h X l )  c h s  ] sin~x. (2) 

Limiting ourse lves  to the f i r s t  t e rm of the se r i e s ,  fo r  
y = 0 we have 

uo = rosin ~__x (3) 
l 

Equation (3) contains the so - f a r  unknown maximum 
yeloci ty  v0 in the ro l le r .  We have the following sys tem 
of equations for  determining this veloci ty and the f r i c -  
tion and h e a t - t r a n s f e r  coefficients:  

1. The momentum equation for  the boundary l ayer  
that grows on the surface  f rom forced  fluid flow with 
veloci ty  u0 is, f rom [5], 

_ _  ( 6~,)  Re** duo cf dRe** + 1§ - - - = R e  t - ,  
dX ~, uo dX 2 

(Re**).=u = O. 

(4) 

2. The friction law for a l aminar  boundary layer 
[51 is 

c~ = 0 . 2 2  (5 )  

2 Re** 

6. The the rmal  boundary- layer  equation for  At = 
= const  [51 is 

d Re~*,~, _ Re t St. (9) 
dX 

7. The hea t - t r ans f e r  law for  a l aminar  boundary 
l aye r  [5, 61 is 

0.22 
St (i0) 

Reins, Pr ~'2' 

In addition, we have the condition that the fr ic t ion 
torques  on the inside and outside cyl inders  be equal. 
F r o m  Eqs.  (4) and (5), under  the initial condition 
(Re**)x=0 = 0 and 5*/6** = 2.5, we have 

Re** =0.663 (lv. f(X) ) 1,2, (11) 

where 

f(X)=(sin~X)-TI0"546(a2X 41 s in2nX) - 

- -  0. I25(sin ~ X) ~ cos z~X-- 

--O, 146(sinr~X)~cos~X--O, 182(sinr~X)acosr~X 1 �9 02)  

3. The dynamic boundary- l aye r  equation for  ro t a -  
tion of cyl inders  with a Z component fs 

If we substitute Re** of (11) into (5), we obtain the 
following express ion  for  the f r ic t ion coefficient:  

a~ &7 o~ (6) 
u ~ + v - ~  = , '  a T ,  

/ ~\i/2 
�9 w --  z(X),o~/2 t - - 1  . (13) 

w h e r e w = ( w - w o ) / ( w  1 - w o ) ,  w = l w h e n y = O ,  w = O  
w h e n y =  ~o, a n d w =  O w h e n x =  O. 

4. The continuity equation is 

au + a~ --o. (7) 
Ox Oy 

The values of function Z(X) are :  0, 0.565, 1.110, 
1.230, 1.140, 0.895, 0.537, 0.201, 0.184, 0.010, and 
0 for  X = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 
and 1, respect ive ly .  

F o r  the mean tangential s t r e s s  on the wail f rom one 
ro l le r ,  we have the formula  

5. The angu la r -momentum equation for  the ro l l e r  
volume is 

- a/2 [ ~ ~u2 
~w =0.574pv0 t l - )  " (145 

i' ( R - p F ) d V +  [ ( R - P ~ ) d ~ - - O .  (8 )  In solving Eq. (6) we use an asymptot ic  distr ibution 
of the veloci t ies  near  the wall [6]: u = rwy/# .  In this 
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Fig.  2. Compar i son  of experimental  data on fr ict ion coefficients with 
calculat ion resu l t s  (water,  w a t e r - g l y c e r i n  mixture ,  heptane): 1) l / r a y  = 
= 0.0275; 25 0.0403; 3) 0.0560; 4) 0.16; 5) 0.234 (1-5  f rom [10]); 
6) / / r a y  = 0.066; 75 0.38; 8) 0.162; (6-8 f r o m  [1115; I) by formula  (32). 



case,  Eq. (6) can be r ep re sen t ed  as 

0'~ , A(x) v' o~ B(x) V 0~ a K  T ~ =  a - '  (i5) 

(18) 

where 

A(X)  O'Cw 1 ' B ( x )  Xw 
Ox 2v~ v~t 

Let us integrate Eq. (15) under the boundary conditions 
(6) using the substitution of M. E. Shvets [7]: 

({ t/2 )-~,a. 
rl = u'd/~- w . Ixv'r w dx  (16) 

0 

Equation (15) can be t r an s fo rmed  in the new v a r i -  
ables  to 

~s dw d ~  ~_ =0. (17) 
d~l ~ 3 ,d~l 

The solution of (17) that sa t i s f ies  the boundary condi-  
t ions w = 1 when ~ = 0 and ~ = 0 as ~7 --  oo has the form 

"ll SoxpI-  d  
~ = 1 _ _  ~ 

0 

where 

- -  = 1.855. 

. /  
0 

i i e-~( ' /a- ' )  d r(1/3) =,7i~- ~ = g/a 
0 

F r o m  (18) we obtain the local f r ic t ion  coefficient 

1 (Wo-- Wl) Ix 1/2 l/~ a. (19) = - -  - -  T w d x  
1.855 (Ixv)z/a "w 

0 

For  the mean  f r ic t ion  coefficient,  cons ider ing  (13) and 
(19), we have the fo rmula  

~ =0.596p (wo - -  W~) (~-~)  1/2 �9 (20) 

2 

//0~--}--z 

To close the system of equations,  it is n e c e s s a r y  to 
de te rmine  the total centr i fugal  forces  acting on the 
f luid c i rcula t ing  in the ro l l e r .  

Integrat ing (6) with respec t  to y f rom 0 to 5 and 
taking (7) into account,  we have 

6 

0 5' 

where the left s ide of the equation r ep re sen t s  the v a r i -  
ation of the flow of momentum in the ro l l e r  f rom ro ta -  
t ion of the cy l inder .  

F r o m  re la t ions  (20) and (21) it follows that 

IS (22) 
0 

At high Ta, 6 / l  << i and a change in rotat ion ve loc-  
ity occurs  in the wall  l ayer .  The change in rotat ion 
veloci ty in c i rcu la t ing  flows occurs  in a thin layer  Ax, 
which is commensura te  with th ickness  5. 

In the l imi t ing case of high Ta, we assume that in 
the region of ro ta t ion-ve loc i ty  var ia t ion  in c i rcu la t ing  
ro l l e r  flows the veloci ty is de te rmined  f rom re la t ion  
(2) at x = 0: v = v0 sin (Tr//)y. 

As follows f rom the adopted model ,  centr i fugal  
forces  act only on that par t  of the fluid that flows 
through the boundary layer ,  and in the region of r i s ing  
and fal l ing flows it is bounded by the flow l ines  of an 
ideal fluid in the core of the ro l l e r .  Then, Axv = const .  
We define v as an average over  the width of the gap, 
wherein  AXavVav = eonst:  

l 

Oar = vo ~ -  sin - [  y d  v =0.63700. (23) 

0 

In this  case ,  the difference between the centr i fugal  
forces  in ro l l e r  flows that c i rcu la te  over  the width of 
the gap is de te rmined  by the re la t ion  

6 

i1~, 1 = 0 

P VavA Xav ray 

0 

]: 
where o = A Way is the difference be -  

ph Xav Oar 
tween the average  rota t ion veloci t ies  in c i rcu la t ing  

m 
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Fig.  3. Compar i son  of exper imenta l  data on h e a t - t r a n s f e r  coeffi-  
cients  with calculat ion resu l t s :  1 ) / / r a y  = 0.214 [12]; 2) l / r a y  = 
= 0.218; 3) 0.054; 4) 0.084; 5) 0.246 (2-5 f rom [13]); 6) l / r a y  = 

= 0.333 [14] ; 7) l / r a y  = 0.38 [15] ; I) by formula  (37). 
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ro l l e r  flows over the width of the l ayer .  The f r ic t ion  
force on the inside cyl inder  is 

W' = ~l =O.596 tp(wo--w~) ( g y ;2. 

The f r ic t ion  force on the outside cyl inder  is 

(25) 

W" =O.5961p [(Wo 4- a Wav) --w~] ( v-~~ ) '/2. 

When 1 << ray ,  IW'[ =]W"I; then 

(26) 

~O.J 1 "~- W 2 - -  A WaV Wo : (27) 
2 

Since AWay << w~ + w2, in the f i r s t  approximat ion,  we 
take 

where 

cr -- "~ ' R e -  w~--w~ l. 
2 (w~ ~ w2)2p ' ~' 

F r o m  Eqs.  (9) and (10) we have 

Re]~s, = k ~ ( l _ r  0.44v0l cos aXlX ) ]'/~. (33) 

If we subst i tute  (33) into (10), we obtain a formula  for 
the mean  h e a t - t r a n s f e r  coefficient 

a-=0.53s ('vo l L2 
,~1 �9 

(34) 

On the basis  of equali ty of the the rmal  fluxes on the 
inside and outside cyl inders  (ray >> l), we obtain 

m ' t  wl + w2 (28) to = h - r  z ~ h  tar (35) 
w0-- 2 2 

Consider ing  (22), (23), (24), and (28), for l/r << 1 we 
have 

W, =0.469(w~--w~) 9 - -  \~o"  ' 
Fay / 

(29) 

As has already been indicated, at high Ta viscous 

forces appear in a thin layer about the periphery of the 

roller. Assuming R = const in the first approximation 

for a symmetric roller, we can transform Eq. (8) to 

V o" 

If we equate the f r ic t ion  forces  (W = i Ps d o = 2~w l) 
6 

and the difference between the centr i fugal  forces  in the 
vortex flows (29), we obtain 

vo =0.64 v Tab2. (31) 
I 

If we subst i tute  v0 into Eq. (20) and take (28) into ac -  
count, we obtain the re la t ion  

C-L Re = 0.238Ta 1/'t, (32) 
2 

Since Atav << t t + t2, in the f i r s t  approximation we can 
take 

to-- h + t 2  (36) 
2 

Substi tuting v 0 of (31) into re la t ion  (34) and assuming  
that to is defined by formula  (36), we obtain 

Nu = 0.212Pr~ TM. (37) 

In F igs .  2 and 3, the resu l t s  of calculat ions by fo r -  
mulas  (32) and (37) a re  compared  with the available 
exper imenta l  data. As can be seen f rom the graphs,  
the theoret ica l  ca lcula t ions  are  in good agreement  with 
the exper imenta l  data on the f r ic t ion  coefficient as well 
as with those for the h e a t - t r a n s f e r  coefficient.  

Start ing from the analogy of ro l l e r - f low processes  
in the gap between two coaxial cyl inders  that rotate in 
the same direct ion,  when / << ray  , and in a horizontal  
s l i t  that is heated f rom below [8,9], we can assume 
that as Ta ~ ~ there  will be a vortex layer  nea r  the 
sur faces  of the cy l inders  (Fig. lb) .  The Ta number  
calculated f rom the height of the vortex layer  is equal 
to the c r i t i ca l  value of the s tabi l i ty  pa r a me t e r  (Taer) .  
Then the height of the vortex layer  is de te rmined  by 
the re la t ion  

c~ 
TR8 

/0 z 

/0 ~ M 3 fO # 

o - - t  + - - 7  
* - - 2  o - - 8  

� 9  " - - / 0  
, v--5, ~--If 

lO ~ lO 7 10 8 lOa i0 m Ta 

Fig. 4. Comparison of experimental data [16] on friction coefficient 
with calculation results: 1-4) various oils, r = 6.35 ram; 5) oil with 
kerosene, r = 9.5 ram; 6) kerosene, r = 6.35 ram; 7) water, r = 6.35 
ram; 8) water, r = 12.7 ram; 9andl0) air, r= 76ram; ii) air, r= 

= 30 mm; I) by formula (41); Ta = w~r~/rlu2; Re = wlrl/u. 
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Nu 

~2 J 
a - - !  

�9 m 2 

/0 ~r T a  

Fig.  5. Compar i son  of exper imenta l  data on h e a t - t r a n s f e r  co-  
efficients with calculat ion resu l t s :  1 ) f r o m  [17]; 2) f rom [18]; 

I) by fo rmula  (42); Ta = w~r~/rtv 2. 

l =: [ vSrav Tacr J 1:~, 
w~ - -  wo 2 ( 3 8 )  

where w0 is the mean  rotat ion velocity over  the cyl inder  
surface .  Assuming that in the centra l  par t  of the gap 
the rotation velocity is constant  over the c ross  sect ion 
owing to s t rong  turbulent  mixing and assuming  that 

171[ = [721 when l << ray ,  we have 

Wo = wl + w_2 (39) 
2 

If we solve sys tem (4)-(10), we find that v0 is de t e r -  
mined  by re la t ion (31). 

Substituting re la t ions  (31), (38), and (39) into Eq. 
(20), we have 

o23s 
(Wl-- w~)pv (4Tar 1/12 \ v- r~  

[ 4~'["- (~fd I ~" W2)2 ] 1/12 
. . . . . . . . . .  (40) X ~2 ra v 

When w 2 = 0 and Tacr  = 1700, we obtain 

c~ Re = -  0.238 - Ta Ì ~ = 0.124Ta ~3, (41) 
2 (4/3 Ta c~)i: 12 

where Re = w,rl /v .  
The hea t - t r ans fe r  problem is solved s imi l a r l y .  

Substituting v0 into Eq. (34) and assuming  that a << a 
in the layer ,  when w 2 = 0 we obtain 

Ntl = 0.212 
4 ) 1/12 (~ - Tact 

Pr ~ Ta I'a =0.1 lPr ~ Ta l'a. (42) 

It follows from re la t ions  (41) and (42) that the f r i c -  
t ion and h e a t - t r a n s f e r  coefficients for high Ta are not 
functions of the gap size.  

F igures  4 and 5 show exper imenta l  data on the f r i c -  
tion and hea t - t r an s f e r  coefficients on a smooth surface  
when the cyl inder  rotates in f ree space.  This can be 
cons idered  as the case of very  high Ta ~ oo. As can be 
seen from the graphs,  the resu l t s  of calculat ion by 
formulas  (41) and (42) are  in sa t is factory agreement  
with the exper imenta l  data. 

NOTATION 

w I = r 1 is the ra te  of rota t ion of the in te rna l  cyl -  
inder; w 2 = w2r2 is the ra te  of rota t ion of the external  
cyl inder ;  Ta = (wl - w2)la/ravv2is the Taylor  number ;  
l = r 2 - r I is the coaxial gap width; v is the kinemat ic  
v iscos i ty ;  v and u a re ,  respec t ive ly ,  the radia l  and 
axial  velocity components;  Re** = po6**/v is the in-  
s tantaneous value of the Reynolds number ,  plotted 
according to the momentum th ickness ;  6"* is the mo-  
mentum thickness ; 6" is the d i sp lacement  thickness  ; 
Re/ = uol/v is the Reynolds number ,  plotted according 
to the instantaneous value of the velocity and the c h a r -  
ac te r i s t i c  d imens ion;  X = x/ l  is the re la t ive  axial 
coordinate;  cf is the f r ic t ion  coefficient;  St is the Start- 

ton number ;  R e d s  t ** = u06inst/V is the ins tantaneous 
value of the Reynolds number ,  plotted according to the 
energy thickness ;  p is the densi ty ;  T is the specific 
weight; X is the thermal -conduc t iv i ty  coefficient;  Tacr  
is the Taylor  number ,  plotted according to the height 
of the nea r -wa l l ,  ro l l e r  cell  l ayer ;  Pr  is the Prandt l  
number ;  r w is the axial component of the fr ic t ion coef- 
f icient  for one ro l l e r ;  r is the azimuthal  component of 
the f r ic t ion coefficient;  t is the t empe ra tu r e ;  Nu is 
the Nussel t  number ;  t 1 and t 2 a re  the t e m p e r a t u r e s  of 
the in ternal  and externa l  cy l inders ,  respec t ive ly ;  to is 
the mean t empera tu re  in the flow of ro l l e r  d i rec ted  
along the norton[ to the in terna l  cyl inder ;  F is the ac -  
ce lera t ion  of m a s s  forces ;  a is the ro l l e r  surface;  Ps 
a re  surface forces ;  R is a vector  d i rec ted  along the 
shor tes t  d is tance from the ro l le r  rotat ional  axis to the 
considered point of the liquid and is equal in magnitude 
to this d is tance.  
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